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Abstract: We introduce the diamond cube operator which, we believe, will aid decision support and analysis. In the
future, we intend to show that it is also a valuable tool in areas of scientific analysis and data visualization.
An algorithm has been designed, implemented and tested on a real-world, terrorism data set. The preliminary
results confirm that this operation can be used to find a dense subset within a data cube and that our multi-linked
list implementation generates the diamond cube. Our implementation allows the user to constrain the diamond
cube by requiring that specific attribute values are included or excluded. Several mathematical properties of the
diamond cube have been identified. We intend to investigate its interaction with typical On-Line Analytical
Processing (OLAP) operators, slice, roll-up and drill-down; and to compare and contrast the diamond cube
with other structures, e.g. the iceberg cube.

1 INTRODUCTION

OLAP is a database acceleration technique used for
deductive analysis. It is used in decision support sys-
tems to provide answers to “big picture” queries such
as

What were our average quarterly sales in
2006 for each region?

The main objective of OLAP is to have constant-
time, or near constant-time, answers for many typical
queries. To achieve such acceleration one can create
a cube of data, a map from all attribute values to a
given measure. For the purpose of this paper, we use
the term cube to be one member of the lattice of the
data cube that has a fixed set of dimensions and at-
tribute values. Figure 1 illustrates a four-dimensional
data cube lattice under roll-ups. The arrow between
ABCD and ABC indicates that the data is stored at a
coarser granularity, i.e. the measures at level 1 do not
distinguish different attribute values for dimension D.

Typical OLAP operators, slice, roll-up and drill-
down [6], allow the user to extract subsets of the data
cube with varying degrees of granularity. We propose
a new OLAP operator, diamond dice, as a way to clus-
ter allocated cells in a data cube. Figure 2 illustrates
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Fig. 1. 4-dimensional lattice under roll-ups

the diamond dice operation applied to the real world
data set used in our experiments [8]. In this example
the data were rolled up to two dimensions, country
and action.

The diamond dice operation is formally defined in
Section 4; methodology and experimental results are
discussed in Sections 6 and 7 respectively.



(a) Original data all
slices have > 1 allo-
cated cells

(b) Luxembourg is
deleted. Remaining
slices have ≥ 3 cells

(c) Norway is
deleted. Remaining
slices have ≥ 4 cells

(d) Denmark,
Netherlands &
Switzerland are
deleted. Remaining
slices have ≥ 5
cells

(e) Austria & letter bomb
are deleted. Remaining
slices have ≥ 8 cells

Fig. 2. Cube 5: Country × Action

2 RELATED WORK

Data cubes are typically large and sparse, so various
techniques for efficiently handling storage and access
issues have been proposed. Kaser and Lemire observe
that by reordering attribute values, one might discover
dense areas within the cube [12]. Appropriate dis-
parate methods could then be applied to the dense
and sparse regions to reduce overall storage require-
ments. Iceberg cubes [9, ?,16] provide a summary of
the data by extracting only those measure values that

meet or exceed some threshold. They can make it pos-
sible to store relevant parts of very large cubes in in-
ternal memory.

Other research has focussed on reducing storage
requirements when computing specialized functions
over the data cube. Chun et al. propose a method that
finds a set of dense sub cubes in order to compute
range-sum queries [5].

Investigating the relationship between attribute
values in two dimensions (biclustering) is of interest
to researchers in many different fields: gene expres-
sion analysis, information retrieval and text mining,
collaborative filtering, etc. Madeira and Oliveira give
an overview of biclustering algorithms in their survey
paper [15]. Our work generalizes the concept of bi-
clustering to higher dimensions.

We are mostly interested in user-driven tools; one
must be aware of the potential pitfalls when relying
solely on automated mining. Korukonda reminds us
that knowledge, extracted by data mining tools alone,
can be misleading [13]. He cites an article in Time
Magazine [1] which stated:

4.5% Increase in sales at Red Lobster restau-
rants during March, in spite (or because) of the
war in Iraq

It can be argued that the increase in sales and the war
in Iraq are unrelated coincidental events. It is prudent
to combine automatic discovery of knowledge with
human expert guidance. Ben Messaoud et al. propose
a method to mine Association Rules “guided by a
meta-rule context, driven by analysis objectives” [3].
Their approach emphasizes the data mining of rules,
coupled with human guidance, whereas ours uses au-
tomatic discovery of the largest cube of related values,
together with opportunity for a user to constrain the
cube to include or exclude specific attribute values.

3 PROBLEM DEFINITION

Given a large, potentially sparse, data cube can we
find a large dense subcube (diamond cube)? What are
the mathematical and semantic properties of such a
cube? What are the interrelationships between dia-
mond cubes generated at different levels of roll-up?

Other researchers have sought to find multiple
dense regions in data cubes, e.g. to facilitate compu-
tation of range-sums [5] or mine Association Rules
[14]. We believe that our approach, which includes a
mathematical foundation, can provide hitherto undis-
covered insights into the data set.



4 CURRENT STAGE OF
RESEARCH

Although early in our investigations, we have estab-
lished some properties of diamond cubes. An algo-
rithm has been developed and implemented, and our
preliminary results are very encouraging. What fol-
lows is an outline of the properties established thus far
and a description of the algorithm. Our experimental
results are discussed in Section 7.

4.1 Diamond Cubes

Definition 1. Given a relational database table, a di-
mension D is the set of values associated with a single
attribute.

Definition 2. Given d dimensions D1, . . . , Dd, a
cube C is the set of dimensions together with a map
from some tuples in D1×· · ·×Dd to a measure value.

Without losing generality, we shall assume that
|D1| ≤ |D2| ≤ . . . ≤ |Dd|.

Definition 3. A slice of a data cube is the set of cells
corresponding to a single value in one dimension.

Figure 3 illustrates the slice corresponding to arson
which comprises all the measure values for {(1987,
France, arson),(1987, Spain, arson),(1987, Belgium,
arson). . .}. The SQL query that results in this slice
would be:
SELECT SUM(measure), country, year
FROM incident
WHERE action = ‘Arson’

GROUP BY country, year;

1985 1986 1987

Arson

France

Spain

Belgium

Fig. 3. slice: Arson

We begin by defining a novel measure of density
for data cubes, the carat1

1 In actual diamonds, one carat is equal to 200 milligrams.
The price of a diamond rises exponentially with the num-
ber of carats [7].

Definition 4. Given k ≥ 0, a cube has k carats if
all its slices have at least k allocated cells. Similarly,
a cube has k carats over dimension i if all its slices
along dimension i have at least k allocated cells.

For simplicity, we fix the required number of
carats to be uniform across all dimensions. The
shaded sections of Figure 4 illustrates a diamond cube
of 4 carats; the unshaded area is discarded.

Fig. 4. 4-carat diamond cube

Definition 5. Given k ≥ 0, a diamond cube is the
maximal subcube of k carats.

We only consider this simple definition of a diamond
cube in the current paper; our future work will involve
more general definitions.

Proposition 1. Given that |D1| ≤ |D2| ≤ . . . ≤
|Dd−1| ≤ |Dd|, an upper bound for K is

∏d−1
i=1 |Di|.

Proof. Consider a perfect diamond cube, i.e. all cells
are allocated. We can extract a slice from this dia-
mond by holding a value in some dimension, Dx, con-
stant. The number of allocated cells in this slice will
be the product of cardinalities of the remaining di-
mensions. If we choose Dx to be the dimension of
largest cardinality, then the number of allocated cells
in this slice is the carat (K) count for this diamond.
Since all cells are allocated, there is no diamond cube
with more than K carats.

Definition 6. The size of a diamond cube is the num-
ber of allocated cells.

Proposition 2. Given a d-dimensional cube, sub-
cubes of k carats have at least size

– k maxi∈{1,2,...,d} ni where ni is the number of at-
tribute values in dimension Di in the subcube;

– kd/(d−1).

Proof. Pick dimension Di: the subcube has ni slices
along this dimension, each with k allocated cells,
proving the first item.



We have that k(
∑

i ni)/d ≤ k maxi∈{1,2,...,d} ni

so that the size of the subcube is at least k(
∑

i ni)/d.
If we prove that

∑
i ni ≥ dk1/(d−1) then

we will have that k(
∑

i ni)/d ≥ kd/(d−1) prov-
ing the second item. But this result can be shown
using Lagrange multipliers. Consider the prob-
lem of minimizing

∑
i ni given the constraints∏

i=1,2,...,j−1,j+1,...,d ni ≥ k for j = 1, 2, . . . , d.
These constraints are necessary since all slices must
contain at least k cells. The corresponding Lagrangian
is L =

∑
i ni+

∑
j λj(

∏
i=1,2,...,j−1,j+1,...,d ni−k).

By inspection, the derivatives of L with respect to
n1, n2, . . . , nd are zero and all constraints are satis-
fied when n1 = n2 = . . . = nd = k1/(d−1). For
these values,

∑
i ni = dk1/(d−1) and this must be a

minimum, proving the result.

Definition 7. The union, of two cubes A and B, A ∪
B, is the set of attributes, on each dimension, that ap-
pear in A, or B or both. The union of A and B is B if
and only if A is contained in B: A is a subcube of B.

Definition 8. The intersection, of two cubes A and B,
A∩B, is the set of attributes, on each dimension, that
appear in A and B. A and B are disjoint if and only
if A ∩B = φ.

Definition 9. Given a cube, A (one member of the
cube lattice with a fixed number of dimensions and
attributes) the complement of a diamond cube — d —
is the set of attributes that are in A but not present in
the diamond cube, d.

d ∩ d = φ and d ∪ d = A

Definition 10. The volume of a cube is computed as
the product of the number of attribute values in each
dimension.

Definition 11. The density of a cube is the number of
allocated cells divided by the volume of the cube.

A diamond cube with density of 1 (all cells are
allocated) is a perfect diamond cube. In the two-
dimensional case, a perfect diamond cube is to a bi-
clique what the two-dimensional cube is to an adja-
cency matrix.

Diamond cubes are unique, as the following
proposition shows. If there is otherwise no diamond
cube, we use the convention that the empty subcube
is the diamond cube.

Lemma 1. The union of two subcubes having at least
k carats has at least k carats.

Also, any slice of a subcube having k carats has k
carats.

Proposition 3. Given K ≥ 0, there is a unique dia-
mond cube of K carats.

Proof. Observe that the union of two diamond cubes
is a diamond cube, from which uniqueness follows.

Diamond cubes are not only unique, they are also
nested as the following proposition shows.

Proposition 4. The diamond cube having k carats is
contained in the diamond cube having k′ < k carats.

Proof. Let A be the diamond cube having k carats
and B be the diamond cube having k′ carats. By
Lemma 1, the union of A and B has at least k′ carats,
and because B is maximal, the union of A and B must
be B, thus A is contained in B.

Algorithm 1 computes the diamond cube in a
straight-forward manner; it visits each dimension in
sequence until it stabilizes. It is easy to see that the al-
gorithm will always terminate, though it might some-
times return an empty cube. Given X , the total num-
ber of attribute values in the data cube, and n, the
number of allocated cells, then Algorithm 1 runs in
time O(Xn).

Algorithm 1 Algorithm to compute the diamond cube
of any given cube.

INPUT: a d−dimensional data cube C and k > 0
OUTPUT: the diamond data cube A
stable← false
while ¬stable do
stable← true
for dim ∈ {1, . . . , d} do

for i in all attribute values of dimension dim do
Cdim,i ← number of allocated cells in corre-
sponding slice
if Cdim,i < k then

delete attribute value i
stable← false

end if
end for

end for
end while
return cube without deleted attribute values

Theorem 1. Algorithm 1 is correct, that is, it always
returns the diamond cube.

Proof. Because the diamond cube is unique, we only
have to show that the result of the algorithm, the cube
A, is a diamond cube.

Clearly, if the result is not the empty cube, then it
has at least k allocated cells per slice hence it has k



carats. We only need to show that the result of Algo-
rithm 1 is maximal: there does not exist a larger cube
of k carats.

Suppose A′ is such a larger cube having k carats.
Because Algorithm 1 begins with the whole cube C,
there must be a time when, for the first time, one of
the attribute values of C belonging to A′ but not A is
deleted because its corresponding slice has less than
k allocated cells. Let C ′ be the cube at this instant,
with all attribute values deleted so far. We see that C ′

is larger than or equal to A′ and therefore, slices in
C ′ corresponding to attribute values of A′ must have
more than k carats. Therefore, we have a contradic-
tion and must conclude that A′ does not exist and that
A is maximal.

5 OBJECTIVES

The overall goals of this research are to show that di-
amond dicing is a valuable new OLAP operation and
to incorporate it into a comprehensive OLAP appli-
cation. A brief outline of identified subgoals follows;
several of these items are examined further.

1. Diamond cubes will be computed efficiently from
large data sets.

2. The semantics of diamond cubes will be investi-
gated.

3. We will (dis)prove

Conjecture 1. The size of a diamond cube is re-
lated to the independence of the dimensions

4. Storage and indexing options will be investigated.

5. Means to handle updates to the data will be found.

6. We intend to establish a theoretical result that pre-
dicts the difference between the upper bound on
K as described in Proposition 1, and its actual
value.

7. The relationship between diamond cubes and
other data mining algorithms and structures will
be investigated, e.g. A Priori [2] and iceberg cubes
[9].

8. We will establish the relationship, if it exists, be-
tween the diamond cube operation and bicluster-
ing algorithms [15] and concept lattices [10].

It is expected that this set of objectives will change
and grow over time, as intermediate results are real-
ized and produce further questions.

5.1 Semantics

Is there a general statement we can make about the
attribute values in a diamond cube? As stated earlier,
one can find correlation between data without a causal
relationship being present. Ultimately, we believe the
diamond dice operation will be useful in a decision
support scenario; towards this end we intend to ex-
plain the semantics of the diamond cube. For instance,
the diamond cube generated from year × country ×
action in our terrorism data indicates the years (not
necessarily consecutive) and the countries in which
terrorists were active, using different attack methods.

5.2 Storage

One of the inspirations for this research came from
discussions about reducing storage requirements for
data cubes. Our goal is to find a single large dense
subcube at each level of the data cube hierarchy. It
is likely that compression techniques can be applied
[11] to the sparse diamond cube complement and per-
haps a novel storage method will be found for the di-
amond cube itself.

5.3 Updates

Typically, data cubes are generated from transactional
databases. Whenever data is inserted, deleted or up-
dated in the underlying database, a data cube must be
adjusted. Often this is done at off-peak times in a bulk
operation [17]. Since our structure is based on rela-
tionships between values in different dimensions we
will need to consider how best to handle:
– purely incremental updates

– purely decremental updates and

– a mixed sequence.

6 Methodology

Algorithm 1 was implemented in Java using multi-
linked lists. An option was provided to explicitly de-
fine a value(s) that should not be pruned from the
cube. This extra functionality did not impede our pri-
mary focus, finding diamond cubes, and added only a
little complexity to the application logic.

The data set “Terrorism in Western Europe:
Events data, TWEED” [8] contains over 11,000
records of events related to internal terrorism in 18
countries in Western Europe between 1950 and 2004.
Facts (52 dimensions in total) include:

- the country in which the action took place;



- the type of action, e.g. bomb, kidnapping, . . . ;
- the target group, e.g. public, military, clergy, . . . ;
- the acting group.

The 52 dimensions of the TWEED data were
rolled up to two, three and four dimensions as de-
scribed in Table 1 and then used as the ‘real world’
data set for our application.

Algorithm 1 assumes that K is a known value. In
practice, this will not be the case, and there are two
approaches to discovering it:
1. Guess that the value of K is 1, and try to build a

diamond cube. If successful, increment our guess
and repeat the process until an empty cube results.
We refer to this as the sequential version.

2. Apply the observations already made about a dia-
mond cube’s properties:

(a) Implement a binary search over possible k val-
ues.

(b) Pipeline intermediate results when testing a
larger k value. It should be noted, however, that
it is not possible to reconstruct the diamond
cube for, say k=9 using only the information
from the diamond cube for k=10.

(c) Terminate the application when the lower
bound is breached.

7 Empirical Results

The TWEED [8] data set was fed into a preprocess-
ing step that rolled up dimensions to levels described
in Table 1. Many of the 52 dimensions had obvious
dependency relationships, e.g. acting group and re-
gional context of the agent; one would expect pro-
Catalonian activists to be related only with Catalonia.
For this reason dimensions were rolled up to levels
where we could realistically expect some degree of
independence between the measures.

Table 1. Dimensions retained for experiments.

No. Dimensions Density
1 year × country × action × target 0.019
2 year × country × action 0.121
3 country × action × target 0.240
4 year × action × target 0.170
5 country × action 0.676
6 year × action 0.617
7 year × country 0.480

Table 2 presents some timing results and illus-
trates the improvement gained by the binary search

strategy, despite the cost of building a new multi-
linked list if K was overestimated. Each of the times
represents the average of 10 runs and indicates how
long it took to find K and build, by extension, the di-
amond cube. All experiments were carried out on an
AMD Turion64 2GHz processor with 2Gib RAM.

Table 2. Comparison between execution times, in seconds,
without binary search (seq) and with (bin).

No dimension sizes carats seq bin
1 53 × 16 × 11 × 11 38 3.00 2.74
2 53 × 16 × 11 23 2.21 1.99
3 16 × 11 × 11 24 1.56 1.36
4 53 × 11 × 11 25 2.03 1.56
5 16 × 11 8 1.20 0.18
6 53 × 11 9 1.50 0.40
7 53 × 16 9 1.69 0.84

Fig. 5. Comparative Densities

The diamond dicing operation increased the den-
sity of the cubes by a factor of between 1.3 and 8.89;
thus providing empirical support for our conjecture
that this will be an effective method to extract dense



Fig. 6. Density ratios

subcubes from a data cube. Table 3 illustrates the de-
gree to which density was increased (density ratio)
by applying our diamond dicing operation. Figure 5
and Figure 6 provide the same information in graphi-
cal format. Notice that the 4-dimensional cube expe-
rienced the best increase in density, which makes us
optimistic that this operator will be effective in high
dimension data sets.

Table 3. Diamond cube size, density and ratio with original
data cube.

No. density diamond diamond cube
ratio density dimension sizes

1 8.895 0.169 15 × 7 × 5 × 8
2 3.157 0.382 19 × 9 × 8
3 2.750 0.660 7 × 7× 8
4 2.588 0.440 18 × 7 × 9
5 1.360 0.920 10 × 10
6 1.483 0.915 13 × 10
7 1.667 0.800 23 × 12

Figure 7(a) illustrates a subset of the original
country × year data; all 53 years would not fit well
in the space available. The nine countries shown in
7(b) remained at the termination of the diamond dice
operation. Note that although attributes Austria, Por-
tugal and Switzerland are shown with less than nine
allocated cells, they were related with enough other
years not to be deleted.

7.1 Anticipated Further Work

There is much work still to do and, based on the ob-
jectives previously stated, we have identified six com-
ponents to our future work.

Years 1979−1994

Switzerland

Portugal

Austria

Netherlands

Sweden

Belgium

Italy

United Kingdom
Germany (West)

Greece

Ireland

Spain
Greece

Luxembourg

Norway

Denmark

(a) Subset of years, all countries

Years 1979−1994

Switzerland

Portugal

Austria

Netherlands

Sweden

Belgium

Italy

United Kingdom
Germany (West)

Greece

Ireland

Spain
Greece

Luxembourg

Norway

Denmark

(b) Attribute values remaining in
K-9 diamond cube

Fig. 7. Country × Year: cube 7

Large data

We will conduct experiments on large real world data
sets, where large is too big to fit into main memory.
We acknowledge that the TWEED data set is small by
data warehousing standards, but it has been useful for
our initial experiments. It is anticipated that working
with very large data sets will at some point require
the development of an external memory algorithm to
compute the diamond cube. Work in this area has been
carried out by Dehne et al. who developed efficient
external memory algorithms to compute the iceberg
cube [4]; and Vitter et al., who developed an I/O effi-
cient technique to approximate a data cube [19].

Complement

Our theoretical and experimental activities so far have
concentrated on the diamond cube itself. We believe
that there may also be interesting properties to inves-
tigate with respect to the complement, especially in
the areas of compression and efficient storage.



Independence

We will build diamond cubes from data with known
distributions, perhaps using DBGen [18], in order to
test the conjecture that large sparse diamonds have
statistically dependent dimensions .

Lattice

The diamond cube described in this paper is com-
puted for a single level of the data cube hierarchy.
We plan to compute the lattice of diamond cubes and
investigate what, if any, relationships exist between
them.

Updates

Handling updates to the underlying data is expected to
generate its own set of questions; the decrement-only
updates should be straightforward within the current
implementation. How to incorporate increment-only
or mixed updates is a more difficult question to an-
swer. One potential solution is to build an auxiliary
data structure to support increment-only updates.

Operator Interaction

The interaction of the diamond cube operation with
other typical OLAP operators (slice, roll-up, drill-
down) will need to be investigated.

8 EXPECTED OUTCOME

This research will reveal the usefulness of diamond
dicing as a new OLAP operation. We intend to pro-
duce better storage and indexing strategies, which will
benefit decision support systems. We will apply our
operator to scientific data with the expectation that it
will be useful in this area too.
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